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Abstract. Under mild assumptions, we characterise modules with projective 
resolutions of length n g N in the target category of filtrated K-theory over 
a finite topological space in terms of two conditions involving certain Tor- 
groups. We show that the filtrated K-theory of any separable C*-algebra over 
any topological space with at most four points has projective dimension 2 or 
less. We observe that this implies a universal coefficient theorem for rational 
equivariant KK-theory over these spaces. As a contrasting example, we find 
a separable C*-algebra in the bootstrap class over a certain five-point space, 
the filtrated K-theory of which has projective dimension 3. Finally, as an 
application of our investigations, we exhibit Cuntz-Krieger algebras which have 
projective dimension 2 in filtrated K-theory over their respective primitive ideal 
space. 



1. Introduction 

A far-reaching classification theorem in [7J motivates the computation of Eber- 
hard Kirchberg's ideal-related Kasparov groups KK(A; A, B) for C*-algebras A 
and B over a non-Hausdorff topological space X by means of K-theoretic invari- 
ants. We are interested in the specific case of finite spaces here. In [H1[TD], Ralf 
Meyer and Ryszard Nest laid out a theoretic framework that allows for a generalisa- 
tion of Jonathan Rosenberg's and Claude Schochet's universal coefficient theorem 
[T5] to the equivariant setting. Starting from a set of generators of the equivariant 
bootstrap class, they define a homology theory with a certain universality property, 
which computes KK(A)-theory via a spectral sequence. In order for this universal 
coefficient spectral sequence to degenerate to a short exact sequence, it remains 
to be checked hy hand that objects in the range of the homology theory admit 
projective resolutions of length 1 in the Abelian target category. 

Generalising earlier results from [ MTUlfTl] the verification of the above-mentioned 
condition for filtrated 'K-theory was achieved in [2] for the case that the underlying 
space is a disjoint union of so-called accordion spaces. A finite connected To-space 
X is an accordion space if and only if the directed graph corresponding to its 
specialisation pre-order is a Dynkin quiver of type A. Moreover, it was shown in 
PfTU] that, if A is a finite Tp-space which is not a disjoint union of accordion spaces, 
then the projective dimension of filtrated K-theory over X is not bounded by 1 and 
objects in the equivariant bootstrap class are not classified by filtrated K-theory. 
The assumption of the separation axiom Tq is not a loss of generality in this context 
(see [m §2.5]). 

There are two natural approaches to tackle the problem arising for non-accordion 
spaces: one can either try to refine the invariant — this has been done with some 
success in [TU] and pQ; or one can hold onto the invariant and try to establish 
projective resolutions of length 1 on suitable subcategories or localisations of the 
category ^M{X), in which A-equivariant KK-theory is organised. The latter is the 
course we pursue in this note. We state our results in the next section. 
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pervised by Ralf Meyer at the University of Gottingen. I would like to thank my 
PhD-supervisors, S0ren Eilers and Ryszard Nest, for helpful advice and Takeshi 
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2. Statement of Results 

The definition of filtrated K-theory and related notation are recalled in ^ 

Proposition 1. Let X be a finite topological space. Assume that the ideal MTni\ C 
MT*{X) is nilpotent and that the decomposition MT*{X) = TVTnii x AATss holds. 
Fix n G N. For an J\fT* (X) -module M , the following assertions are equivalent: 

(i) M has a projective resolution of length n. 

(ii) Tor^'^*(^'(A/'ns,M) is a free Abelian group and Tor^J'^' ^^\jVT ss, M) 
vanishes. 

The basic idea of this paper is to compute the Tor-groups above by writing down 
projective right-module resolutions for the fixed module A/'Tss- 

Let Zjn be the (m-M)-point space on the set {1, 2, . . . , m-l- 1} such that Y C Zm 
is open if and only if y 9 m -I- 1 or y = 0. A C*-algebra over Zm is a C*-algebra A 
with a minimal distinguished ideal such that the corresponding quotient decomposes 
as a direct sum of m orthogonal ideals. Let S by the set {1, 2, 3, 4} equipped with 
the topology {0, 4, 24, 34, 234, 1234}. A C*-algebra over 5 is a C*-algebra together 
with two distinguished ideals which need not satisfy any further conditions, see 
[TTl Lemma 2.35]. 

Proposition 2. Let X be a topological space with at most 4 points. Let M = FK{A) 
for some C* -algebra A over X . Then M has a projective resolution of length 2 and 

Moreover, we can find explicit formulas for Tor^^ (AfTss, M); for instance, 
ToT^ ^ ^^^\j\fTas, M) is isomorphic to the homology of the complex 

f i -i \ 
3 I i j 3 

(1) M(j4) ^ " ' ) A/(1234 \ k) ^-^-^ Af(1234) . 

3 = 1 k=l 

A similar formula holds for the space S, see 

The situation simplifies if we consider rational KK(X)-theory, whose morphism 
groups are given by KK{X;A,B) eg) Q; see [Bj. This is a Q-linear triangulated 
category which can be constructed as a localisation of ^{X); the corresponding 
localisation of filtrated K-theory is given by A i— >■ FK(A) (g) Q and takes values in 
the category of modules over the Q-linear category AfT*{X) (g Q. 

Proposition 3. Let X be a topological space with at most 4 points. Let A and B 
be C* -algebras over X. If A belongs to the equivariant bootstrap class B{X), then 
there is a natural short exact universal coefficient sequence 

ExtJ^^. (X)«Q (FK,+i (A) ® Q, FK, (B) ® Q) ^ KK, (X; A, B) Q 

^ Hom^r-(x)®Q(FK,(A) Q,FK,(B) ® Q) . 

In [5], a long exact sequence is constructed which in our setting, by the above 
proposition, reduces the computation of KKt{X;A,B), up to extension problems, 
to the computation of a certain torsion theory KK,(X; A, B; Q/Z). 

The next proposition says that the upper bound of 2 for the projective dimension 
in Proposition [5] docs not hold in general. 
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Proposition 4. There is an AfT* (Z^) -module M of projective dimension 2 with 
free entries and Tor^"^' (TVTss , M) ^ 0. The module M ®z "^/k for k e N>2 has 
projective dimension 3. Both M and M ®i Ijk can be realised as the filtrated 
K-theory of an object in the equivariant bootstrap class B{X). 

As an application of Proposition [2] we investigate in dH the obstruction term 
Tor^^ (MTss, FK(A)) for certain Cuntz-Krieger algebras with four-point primitive 
ideal spaces. We find: 

Proposition 5. There is a Cuntz-Krieger algebra with primitive ideal space 
which fulfills Cuntz' condition (II) and has projective dimension 2 in filtrated K- 
theory. The same holds for the space S. 

The relevance of this observation lies in the following: if Cuntz-Krieger algebras 
had projective dimension at most 1 in filtrated K-theory over their primitive ideal 
space, this would lead to a strengthened version of Gunnar Restorff's classification 
result [13] with a proof avoiding reference to results from symbolic dynamics. 

3. Preliminaries 

Let X be a finite topological space. A subset Y C X is called locally closed if it 
is the difference of two open subsets of X. The set of locally closed subsets of X is 
denoted by LC(A"). By LC(A")*, we denote the set of non-empty, connected locally 
closed subsets of X. 

Recall from [IT that a C* -algebra over X is pair {A,ip) consisting of a C*-al- 
gebra A and a continuous map ^: Prim(A) — > A". A C*-algebra {A,ip) over X is 
called tight if the map ip is a. homeomorphism. A C*-algebra over X comes 

with distinguished subquotients A{Y) for every Y £ LC(A). 

There is an appropriate version KK(A) of bivariant K-theory for C*-algebras 
over X (see [THH]). The corresponding category, denoted by ^{X), is equipped 
with the structure of a triangulated category; moreover, there is an equivariant 
analogue B{X) C ^M{X) of the bootstrap class [IT]. 

As defined in lOj, for Y e LC(A), we let FKy(A) := K^{A(Y)) denote the 
Z/2-graded K-group of the subquotient of A associated to Y . 

Let NT{X) be the Z/2-graded, pre-additive category whose object set is LC(A) 
and whose space of morphisms from Y to Z is 7VT»(A)(Y,Z) - the Z/2-graded 
Abelian group of all natural transformations FKy ^ FK^. Let MT*{X) be the 
fuU subcategory with object set LC(A)*. We often abbreviate NT*{X) by MT* . 

Every open subset of a locally closed subset of X gives rise to an extension of 
distinghuished subquotients. The corresponding natural maps in the associated six- 
term exact sequence yield morphisms in the category J\fT, which we briefly denote 
by i, r and 5. 

A {left-)module over J\fT{X) is a grading-preserving, additive functor from7VT(A) 
to the category 2lb^^^ of Z/2-graded Abelian groups. A morphism of AfT{X)- 
modules is a natural transformations of functors. Left-modules over AfT*{X) 
are defined similarly. By 9JToD(A/'T*(A)) we denote the category of countable 
7Vr*(A)-modulcs. 

Filtrated K-theory is the functor jm{X) mod{j\fT* (X)) ^ taking a C*-algebra 
A over X to the collection {^*{A{Y))^ y^^^^^^^^ with the obvious A/'T*(A)-module 
structure. 

Let NT nil C NT* be the ideal generated by all natural transformations between 
different objects, and let TVTss C NT* be the subgroup spanned by all identity 
transformations idy for objects Y e LC(A)*. The subgroup NTss is in fact a 
subring of NT* isomorpic to 

XLC(x)*^ We say that NT* decomposes as semi- 
direct product NT* = NTnii >^ NTss if NT* as an Abelian group is the inner 



4 



RASMUS BENTMANN 



direct sum of TVTnii and AfTss, see [^KTU]. We do not know if this fails for any 
finite space. 

We define right-modules over M'T*{X) as contravariant, grading-preserving, ad- 
ditive functors G : NT*{X) Slb^^^ If we do not specify between left and right, 
then we always mean left-modules. 

The subring MTss C NT* is regarded as an A/'T*-right-module by the obvi- 
ous action: The ideal AfTnii C JVT* acts trivially, while JVTss acts via right- 
multipHcation in A^Tss = Z'^'^(^)* . For an7VT*-module M, we set M^s ■= M/MTniV 
M. 

For Y e LC(X)* we define the free JVT* -left-module on Y by Py (Z) := JVTiY, Z) 
for all Z S LC(X)* and similarly for morphisms Z ^ Z' in NT* ■ Analogously, we 
dehne the free NT* -right-module onYhyQviZ) ■.= NT{Z,Y) for aU Z G LC(X)*. 
An A/'T* -left/right-module is called free if it is isomorphic to a direct sum of degree- 
shifted free left/right-modules on objects Y e LC(A")*. It follows directly from 
Yoneda's Lemma that free A/'T*-left/right-modules are projective. 

An TVT- module M is called exact if the Z/2-graded chain complexes 

> M{U) ^ M{Y) M{Y \ U) M{U)[1] ^ • • ■ 

are exact for all t/, y e LC(A') with U open in Y . An A/'7'*-module M is called 
exact if the corresponding A/'T- module is exact (see [2]). 

In [TD], the functors FKy are shown to be representable, that is, there are objects 
Tiy ^M.{X) and isomorphisms of functors FKy = KK(X;7?,y,i ). Recall that 
the opposite category ^M.{X)°'^ inherits a canonical triangulation from the trian- 
gulated structure on ^^{X). We let FK denote the stable homological functor on 
i?il(X)°P represented by the same set of objects {7^y | Y € hC{X)*}. We remark 
that KK{X; A,TZy) does not identify with the K-homology of A{Y). 

We assume that the reader is familiar with standard notions from homological 
algebra, such as Ext- and Tor-functors and their computation via projective resol- 
utions. 

We occasionally use terminology from [HIII^ concerning homological algebra in 
K^{X) relative to the ideal 3 := ker(FK) of morphisms in ^A{X) inducing trivial 
module maps on FK. An object A G€ K^{X) is called 3-projective if 3{A, B) = 
for every i? GG ^A{X). We recall from [5] that FK restricts to an equivalence 
of categories between the subcategories of D'-projective objects in ^{X) and of 
projective objects in 2)Tot)(A/'T*(X))^. Similarly, the functor FK induces an equi- 
valence of projective objects in ^{X)°^ relative to the ideal 3 := ker(FK) and 
projective AfT* -right-modules. 

4. Proof of Proposition [T] 

Recall the following result from [TU]. 

Lemma 1 ( 10, Theorem 3.12]). Let X be a finite topological space. Assume that 
the ideal AfT nil C AfT*{X) is nilpotent and that the decomposition J\fT*{X) = 
AATnii >^ AfTss holds. Let M be an AfT* (X) -module. The following assertions are 
equivalent: 

(1) M is a free AfT* {X) -module. 

(2) M is a projective AfT* (X) -module. 

(3) Mss is a free Abelian group and Torf^'(^'(AAr.„Af) =0. 

Now we prove Proposition [T] We consider the case n = 1 first. Choose an 
epimorphism / : P ^ M for some projective module P, and let K be its kernel. M 
has a projective resolution of length 1 if and only if K is projective. By Lemma 
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[1] this is equivalent to Kss being a free Abelian group and Torf^ {MTss.K) = 0. 
We have Torf^' {NTss, if) = if and only if Tor^'^* {MTss, M) = because these 
groups are isomorphic. We will show that Kss is free if and only if Tor^^ (TVTss, M) 
is free. The extension K ^ P ^ M induces the following long exact sequence: 

^ Torf^* {MTss, M) ^ Kss ~> Pss ^ Mss ^ . 

Assume that Kss is free. Then its subgroup Torf"^*(A/'rss,M) is free as well. 
Conversely, if Tor^''' {MT ss, M) is free, then Kss is an extension of free Abelian 
groups and thus free. Notice that Pss is free because P is projective. The general 
case n S N follows by induction using an argument based on syzygies as above. 
This completes the proof of Proposition [T] 

5. Free Resolutions for MTss 

The A/'T*-right-module TVTss decomposes as a direct sum ®Yei.C(X)-' 
simple submodules Sy which are given by SyiY) = Z and Sy{Z) = for Z 7^ F. 
We obtain 

Tor^'^* (AATss, M) = Tor^'^(5y , M) . 

Our task is then to write down projective resolutions for the A/'7'*-right-modules 
Sy- The first step is easy: we map Qy onto Sy by mapping the class of the identity 
in Qy{Y) to the generator of Sy{Y)- Extended by zero, this yields an epimorphism 
Qy -» Sy- 

In order to surject onto the kernel of this epimorphism, we use the indecompos- 
able transformations in AfT* whose range is Y . Denoting these by T]i: Wi — >■ Y, 
1 < i < n, we obtain the two step resolution 

n 
i=l 

In the notation of [lOj . the map QiVi ^ Qy corresponds to a morphism 

(/>: TZy — > 0iLi T^Wi of J-projectives in ^{X). If the mapping cone of (f> is 

again 3-projective, the exact triangle EC^ TZy ^ 0"=i T^Wi — > yields the 
projective resolution 

n n 

>Qy-^ Q0[1] ^ 0QivJl] Qy[1] -^Qc^^^Qw^^Qy Sy , 

i=l i=l 

where Q^ — FK{C^)- We denote periodic resolutions like this by 

Q4> ^ 0"=i Qw, ^ Qy Sy - 

If the mapping cone C(j, is not U-projective, the situation has to be investigated 
individually. We will see examples of this in ^and ^ The resolutions we construct 
in these cases exhibit a certain six-term periodicity as well. However, they begin 
with a finite number of "non-periodic steps" (one in ^and two in which can 
be considered as symptoms of the deficiency of the invariant filtrated K-theory over 
non-accordion spaces from the homological viewpoint. 

6. Tensor Products with Free Right-Modules 

Lemma 2. FixY, Z e LC(X)* and 7] e NT*{Y, Z). Let M be an NT* -left-module. 
Then there is an isomorphism 

[Qy ^ Qz) ®Mr' M - (M(y) ^ M{Z)) 
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of diagrams in the category of'Z/2-graded Abelian groups. 

Proof. The direct sum over all Z G hC{X)* of the maps 

Qy{Z) X M ^ Afr{Z, Y) X M M{Y), (/i, m) • m 

yields an A/'T* -bilinear map Qy x M ^ M (Y). This induces a group homomorph- 
ism Qy ®j\fT' M — > M{Y). An inverse map M(Y) Qy ®j^r' M is given by 
m I— >■ idy ®m for m € M(Y). We have found an isomorphism Qy®^fT* M = M (y), 
which is easily seen to be natural in F. □ 

Lemma 3. Let Qi = Qy* © ©I'Li for 1 < i < 3, mi,ni G N and 

Yj,Zl, G LC(X)* be free J\fT* -right-modules. Suppose there is an exact sequence 
of module maps of the form 



Qi 



(2) 



7[1] 

Then there is an exact triangle 



/9[1] 



Q2[l] 



1] 



(3) 



I]7^ 



(3) 



.(1) — >■ 7^(2) 

in Sm{X)°P, where 7^(J) = 7^y. © 0^^^ ^^Z' ; s^^c/i that FK appZierf to © 

yields a long exact sequence isomorphic to In particular, if M = FK(A) for 
some A GG K^{X), then the induced sequence 



p. 



7^, 



(3), 



(4) 



Qi ®Mr* M ■ 

7.[1] 



■ Q2 ©A/'T* M ■ 



/9. 



Qs ^NT" M 



is exact as well. 



Proof. By Yoneda's lemma, the natural transformations inducing the module homo- 
morphisms induce morphisms in ^^{X)°^ between the respective representing 
objects. We obtain the candidate triangle The split-exactness of the sequence 
(12) shows that it is also isomorphic to the six-term sequence obtained by applying 
FK to the mapping cone triangle 

(5) S7e(3) ^c^. ^7^(2) -^7^(3). 

In particular, FK(C/3^) is projective. Since, moreover, Cp^ belongs to the localising 
subcategory generated by the Df-projective objects, it is itself 3-projective by [HI 
Theorem 3.41]. Now the equivalence of categories between the 3-projective objects 
in ^M{X)°^ and the projective 7VT*-right-modules shows that the triangles ((3]) 
and (0) are isomorphic. Hence ^ is an exact triangle. Applying the homological 
functor KK(A'; 1 1, A) to the corresponding exact triangle in ^M{X) yields the exact 
six-term sequence (0]). □ 

7. Proof of Proposition [2] 

We may restrict to connected To-spaces. In [TU], a list of isomorphism classes 
of connected Tp-spaces with three or four points is given. If X is a disjoint union 
of accordion spaces, then the assertion follows from [2]. The remaining spaces fall 
into two classes: 
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(1) all connected non-accordion four-point To-spaces except for the pseudo- 
circle; 

(2) the pseudocircle (see i^7.2D . 

The spaces in the first class have the following in common: If we fix two of them, 
say X, Y, then there is an ungraded isomorphism AfT*{X) NT*iY) between 
the categories of natural transformations on the respective filtrated K-thcories such 
that the induced equivalence of ungraded module categories 

restricts to a bijective correspondence between exact ungraded A/'7~*(F)-modules 
and exact ungraded A^T*(X)-modules. Moreover, the isomorphism $ restricts to 
isomorphisms from MTss{X) onto MTssiY) and from MTni\{X) onto MTaixiX). 
In particular, the assertion holds for X if and only if it holds for Y . 

The above is a consequence of the investigations in |Tl[5J[Tn]; the same kind of 
relation was found in [2 for the categories of natural transformations associated to 
accordion spaces with the same number of points. As a consequence, it suffices to 
verify the assertion for one representant of the first class — we choose — and for 
the pseudocircle. 



7.1. Resolutions for Z3. We refer to [TU] for a description of the category A/'T*(.Z'3), 
which in particular implies, that the space satisfies the conditions of Proposi- 
tion[TJ For the locally closed subsets Y ^ 1234, the procedure described in ^yields 
projective resolutions as follows: 



Hi 



s- 



14 



Ql234[l] 



and similarly for 6*24, 634; 
l[1] © Q2[l] © Q3[l] ^ Qi^Si; 



^234 



a234 



■ Qi Si , and similarly for S2, S3 



Qi4 © Q24 



■ Q124 ^ 5*124 , and similarly for 6134, S'234- 



Therefore, by LemmaH Tor^"^' Af) = for F 7^ 1234 and n>l. 

As we know from [10 , the subset 1234 of Z3 plays an exceptional role. In the 
notation of loc. cit. (with the direction of the arrows reversed because we are dealing 

with a right-module), the kernel of the homomorphism Q124 © Q134 © Q234 
(31234 is of the form 



■0 




Z2 



■ z 




m 

\ 

■ Z[l] ^o— Z2 

m 



It is the image of the module homomorphism 



i -i 
-i i 

Ql4 © (924 © Q34 ' ° ' ~" > Ql24 © Q134 © (9234, 
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the kernel of which, in turn, is of the form 
0-.^ Z[l] 





Z[l] 



■m 



Z[l] 



Z[l] -^o — z 



Z[l] 



A surjection from Q4 © Qi234[l] onto this module is given by 00)' where 



Xli XI, „ „. 

"1234 •— °3 ° ' 



i2Zi- The kernel of this homomorphism has the form 
Z[l] 



Z[l] 



Z[l] 



Z[l] 



Z[l] 



Z[l] 



0—0 







This module is isomorphic to the shifted version of ker((3i234 
we end up with the projective resolution 



5'i234)- Therefore, 



Q4®Ql234[l] 



■ Qi4 ® Q24 © Q 



34 ■ 



>124 © (5l34 © Q 



234 ■ 



■Q 



1234 



5*1234 



The homomorphism from (5i24©Qi34©Q234 to Q4©Qi234[l] is given by "^23 



2 

' 234- 



where 6^^^ .- 

Computing the tensor product of this complex with M as described in ^ and 
taking homology, we obtain Tor^^ (TVTss, M) = for n > 2, and that 

Torf^* {NTss, M) = Torf^' (5i234, M) 
is the homology of the complex 

Example 1. For the filtrated K.-module with projective dimension 2 constructed in 
[TUl §5] we get Torf^* {AfTss, M) ^ Z/fc. 

Remark 1. As explicated in the beginning of this section, the category J\fT*{S) 
corresponding to the four-point space S defined in the introduction is isomorphic in 
an appropriate sense to the category J\fT*{Z 3). As has been established in IJ, the 
indecomposable morphisms inJ\fT*{S) are organised in the diagram 
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In analogy to we have that Torj^ {MTss, M) is isomorphic to the homology 

of the complex 

/ S -r \ 
I -i i \ 

(6) M(12)[l] © M(4) © M(13)[l] " ' ' > M(34) © Af(l)[l] © A/(24) 

-^^-^ Af(234) , 

where M — FK{A) for some separable C* -algebra A over X. 

7.2. Resolutions for the pseudocircle. Let C2 = {1,2,3,4} with the partial 
order defined byl<3, 1<4,2<3,2<4. The topology on C2 is thus given by 
{0, 3, 4, 34, 134, 234, 1234}. Hence the non-empty, connected, locally closed subsets 
are 

LC(C2)* = {3, 4, 134, 234, 1234, 13, 14, 23, 24, 124, 123, 1, 2} . 
The partial order on C2 corresponds to the directed graph 

4 2 

• s- • 




• 5~ • 

3 1 . 

The space C2 is the only To-spacc with at most four points with the property 
that its order complex (see [10, Definition 2.6]) is not contractible; in fact, it is 
homeomorphic to the circle S^. Therefore, by the representability theorem [lOL §2.1] 
we find 

C2) ^KK4X ;nc„nc,) ^K,{'JlcAC2)) =K* (§1) ^Z©Z[1] , 

that is, there are non-trivial odd natural transformations FKp^ FKc^. These 

are generated, for instance, by the composition C2 A 1 A 3 A C2. This follows 
from the description of the category A/'T*(C2) below. Note that S^^ ° ^cl vanishes 
because it factors through rjg o ig^ = 0. 

Figure [T] displays a set of indecomposable transformations generating the cat- 
egory NT*[C2) determined in [H §6.3.2], where also a hst of relations generating 
the relations in the category MT*{C2) can be found. From this, it is straight- 
forward to verify that the space C2 satisfies the conditions of Proposition [1] 



13 




Figure 1. Indecomposable natural transformations in A/'T*(C2) 
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Proceeding as described in ^ wc find projective resolutions of the following 
form (we omit explicit descriptions of the boundary maps): 



(3i23[l] ^ © (32 [1] ^ Qs-^ S3 , and similarly for ^4; 

Q134 5*134 , and similarly for ^234; 
■ (9i34 ^ Q13 Si3 , and similarly for 514, £"23, ^24; 




Qs ffi Q4 ^ Q134 ffi Q234 ^ Q1234 'S'1234 ; 



Qi © Ql23[l] ^ (9l34 © Q234 ^ (9l234 © Ql3 © Q23 Ql23 ~> 5*123 

and similarly for 5i24; 



Q234 © Ql [1] ^ (9l234 © (923 © Q24 ^ (9l23 © Ql24 Ql ^ Si , 

and similarly for 52- 

We get Tor^'^*(5F,M) = for every Y £ LC(C2)* \ {123,124,1,2}, and 
Tor^"^* (5y , M) = for aU Y e LC(C2)* and n>2. Therefore, 

Torf^* {MTss , M) = Torf ^* {Sy , M) ■ 

^£{123424, 1,2} 

The four groups Tor^"^* (5y , M) with Y e {123,124,1,2} can be described expli- 
citly as in tJT. II using the above resolutions. This finishes the proof of Proposition [21 

8. Proof of Proposition [3] 

We apply the Meyer-Nest machinery to the homological functor FK €5 Q on 
the triangulated category ^M{X) ^ Q. We need to show that every AfT* (8) Q 
module of the form M = FK{A) ® Q has a projective resolution of length 1. It is 
easy to see that analogues of Propositions [1] and [2] hold. In particular, the term 
Tor^''' ^"^{AfTss "X) Q, M) always vanishes. Here we use that Q is a flat Z- module, 
so that tensoring with Q turns projective 7VT*-module resolutions into projective 
TVT* i8) Q-module resolutions. Moreover, the freeness condition for the Q-module 
Torf^*®^(7Vrss ® Q, M) is empty since Q is a field. 

9. Proof of Proposition [J] 

The computations to determine the category MT*{Z/i) are very similar to those 
for the category AfT*{Z3) which were carried out in jlOj. We summarise its struc- 
ture in Figured The relations in NT*{Z4) are generated by the following: 

• the hypercube with vertices 5, 15, 25, . . . , 12345 is a commuting diagram; 

• the following compositions vanish: 

1235 4 12345 A 4 , 1245 A 12345 ^ 3 , 
1345 A 12345 A 2 , 2345 A 12345 A 1 , 
1A5A15, 2A5A25, 3A5A35, 4^5^45; 

• the sum of the four maps 12345 — > 5 via 1, 2, 3, and 4 vanishes. 

This implies that the space satisfies the conditions of Proposition [TJ 

In the following, we will define an exact A/'T*-left-module M and compute 
Tor^^ (5i2345,Af). Using the same techniques as in the previous examples, one 
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125 




345 

Figure 2. Indecomposable natural transformations in NT*{Zi) 



finds a projective resolution of the simple ATT* -right-module /S'12345 of the following 
form (again omitting explicit formulas for the boundary maps): 



<35 © © Q12345V[1] ' © Ql5 ® Ql2345[l] ' © Qjkh 

l<i<4 l<i<4 l<j<k<A 

©Ql2345V * <3l2345 > <S'i2345- 

l<i<4 

Notice that this sequence is periodic as a cyclic six-term sequence except for the 
first two steps. 

Consider the exact A/'T* -left-module M defined by the exact sequence 

( i -i a 
-j i 

(.^ i -i 

U ^ ^-12345 Pl2345\i " ' P.'fcB - M . 

l<i<4 l<j</c<4 

We have ©i<;<4 M(/5) © M(12345)[l] ^ © Z^, ©i<,<fc<4 M(jfc5) ^ Z^, and 
-^(5) © ©i<i<4 M(12345 \ i)[l] ^ Z[l] Z[l]8. Since 

© M(i5)©M(12345)[l] 
i<;<4 




M(5)© © M(12345\i)[l] 

l<i<4 



is exact, a rank argument shows that the map 



M(I5)®M(12345)[1] ^ M{jkh) 

1<K4 l<j</c<4 
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is zero. On the other hand, the kernel of the map 

-I i 
i i -i 

M(jfc5) ' ° " ' M(12345 \ z) 

l<j<k<4 l<i<4 

is non-trivial; it consists precisely of the elements in 

Mijk5)= Z[id^1l] 

l<j<fe<4 l<j<fc<4 

which are multiples of ([id^-^5])i<j<fc<4. This shows Tor^"^* (5i2345, M) ^ Z. Hence, 
by Proposition [11 the module M has projective dimension at least 2. On the other 
hand, ([7]) is a resolution of length 2. Therefore, the projective dimension of M is 
exactly 2. 

Let k e N>2 and define Mk = M (S)^ 1/k. Since Tor^'^' (S'12345, Mfe) ^ Z/k is 
non-free. Proposition [1] shows that has at least projective dimension 3. On the 
other hand, if we abbreviate the resolution ([7]) for M by 

(8) ^ P(=^) A P(4) p(3) ^ M , 

a projective resolution of length 3 for Mk is given by 

fe f a -k\ 

^ p(5) M p(5) e p(4) ^° " A p(4) © p(3) 1^ p(3) _^ M, , 



where k denotes multiplication by k. 

It remains to show that the modules M and Mk can be realised as the filtrated 
K-theory of objects in B{X). It suffices to prove this for the module M since 
tensoring with the Cuntz algebra Ok+i then yields a separable C*-algebra with 
filtrated K-theory Mk by the Kiinneth Theorem. 

The projective resolution ([S]) can be written as 

-> FK(P2) FK(pi) FK(PO) M, 

because of the equivalence of the category of projective AfT* -modules and the 
category of Of-projective objects in MA{X). Let N be the cokernel of the module 
map FK(/2). Using [TUl Theorem 4.11], we obtain an object A ge B{X) with 
FK(A) = N. We thus have a commutative diagram of the form 

^ FK(P2) ^^S2 FK(pi) ^ FK(PO) ^ M . 



FK{A) 



Since A belongs to the bootstrap class B{X) and FK(^) has a projective resolution 
of length 1, we can apply the universal coefficient theorem to lift the homomorph- 
ism 7 to an element / S KK{X; A, P^). Now we can argue as in the proof of 
[TUl Theorem 4.11]: since / is 3-monic, the filtrated K-theory of its mapping cone 
is isomorphic to coker(7) = M. This completes the proof of Proposition H) 

10. Cuntz-Krieger Algebras with Projective Dimension 2 

In this section we exhibit a tight Cuntz-Krieger algebra A over the space Z3 for 
which the odd part of Torf'^'^^''^ {AfTss, FK( A)) —denoted Tor°'^'* in the following— 
is not free. By Proposition [5| this C*-algebra has projective dimension 2 in filtrated 
K-theory. 
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Let E be the finite graph with vertex set = {vi ,V2, ■ 
ponding to the adjacency matrix 



, , wg} and edges corres- 



(9) 



Si 
B2 

V B3J 



( (Z 2 
2 3 




V ° 








1 1 

1 1 



3 1 

2 2 





1 A\ 

1 1 




3 1 

2 2) ) 



Since this is a finite graph with no sinks and no sources, the associated graph 
C*-algebra C*{E) is in fact a Cuntz-Krieger algebra (we can replace E with its 
edge graph, see [121 Remark 2.8]). Moreover, the graph E is easily seen to fulfill 
condition (K) (that is, there is no vertex at which there is based precisely one loop). 
As a consequence, the adjacency matrix of the edge graph of E fulfills condition (II) 
from [S]. In fact, condition (K) is designed as a generalisation of condition (II): 
see [S], for instance. 

By T^l, Theorem 4.9] the ideals of C*{E) correspond bijectively and in an 
inclusion-preserving manner to the saturated hereditary subsets of E'^ (for the defini- 
tions of these terms see |12l §4]), which, in turn, are in inclusion- preserving bijection 
with the open subsets of the space Z3. This shows that the primitive ideal space of 
A := C*{E) is homeomorphic to Z3. By [11, Lemma 2.35], we may turn A into a 



tight C*-algebra over Z3 by declaring A({4}) = /. 



A{{2A})=L 



{v 



l,V2,vrj.ve 



} and A({3,4}) 



{vi ,112} 



^({1,4})-/. 



{fl , 1)2, f 7,^8} ' 



where Is denotes the ideal 



corresponding to the saturated hereditary subset S. 

It is known how to compute the six-term sequence in K-theory for an extension 



of graph C*-algebras: see j4|. Using this and Proposition [51 Tor° is the homology 
of the complex 



(10) 
where 



ker(^o) 



(i —i 
-i 
i 



> ker(0i) 



{ i i i) 



> ker((/)2) 



B4 X\ X2 




a a B' 



diag 



B[ 




and i?4 



a commutative diagram 



2 2 ^ 
2 2 - 



and 



-B4 Xi X3 
Q B[ 
B' 



-B4 X2 Xs 



B'2 
B' 



5j - ( 1 ) = ( 2 1 ) for 1 < J < 3- We obtain 



ker(0o)> ^ (Z®2)e(2-3) ^!L^ jj^^(^g) 



(11) 



im( 


M 




fi 


im( 






gi 


im(( 


h), 
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where / and g have the block forms 





id 





-id 














id 

























-id 










-id 











id 










-id 































id 










id 





-id 





v 











id 























— i 



/ = 



and fx '■= /|kcr(0o)' fi / 



id id id 
id 00 id 0000 
00 id 0000 id 
00000 id 00 id 



gK 5lkor(0i), 91 — ff|im(0i)- Notice that / 
and g are defined in a way such that the restrictions /|kcr(0o) ^^'^ .9|kcr(0i) are 
exactly the maps from pop in the identification made above. 

We abbreviate the above short exact sequence of cochain complexes (jlll) as K, ^ 
Z, /.. The part H°(Z.) ^ H°(/.) ^ H^X.) ^ H^Z.) in the corresponding 
long exact sequence in cohomology can be identified with 

ker(5if) 



ker(/) ^ ker(/,) 



^ 



Hence 



odd ^ 



kcr(5K) 



ini(/K) 
ker(//) _ ker(/) n im(0o) 



imifK) (/.o(ker(/)) <^o(ker(/)) 
We have ker(/) = {{v,0,v,0,v,0) \ v ^1?} C (Z®2)©(2-3)^ 

For the concrete form ^ of the adjacency matrix, we find that ker(/) n im(0o) 
is the free cyclic group generated by (1, 1, 0, 0, 1, 1, 0, 0, 1, 1, 0, 0), while 0o(ker(/)) 
is the subgroup generated by (2,2,0,0,2,2,0,0,2,2,0,0). Hence Tor°'^'^ ^ Z/2 is 
not free. 

Now we briefly indicate how to construct a similar counterexample for the 
space S. Consider the integer matrix 



/B4 



Vo 













^4l\ 



/(3) 









The corresponding graph F fulfills condition (K) and has no sources or sinks. The 
associated graph C*-algebra C*{F) is therefore a Cuntz-Krieger algebra satisfying 
condition (H). It is easily read from the block structure of the edge matrix that the 
primitive ideal space of C*{F) is homeomorphic to S. We are going to compute the 
even part of Torf^'^^^(A/'rss,FK(C*(F))). Since the nice computation methods 
from the previous example do not carry over, we carry out a more ad hoc calculation. 

By Remark [1] the even part of our Tor-term is isomorphic to the homology of 
the complex 

( X42 \ 

X31 , 



coker(i34) 




ker(S;) 




-B4 X43 X42 
coker ( B3 
b4 



V X21 ) 
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where column-wise direct sums are taken. Here B[ ~ Si — (q^) = (ii) ^^^d 
Bj = Bj — (l) = (2) for 2 < j < A. This complex can be identified with 

/ 1 o\ 
/ \ 

-202 / 1 1 o\ 

\oio/ (oiiooj 

Z © Z/2 © Z ^ ° > (Z/2)2 © Z © (Z/2)2 (Z/2)3 , 

the homology of which is isomorphic to Z/2; a generator is given by the class of 
(0, 1, 1, 0, 1) G (Z/2)2 © Z © (Z/2)2. This concludes the proof of Proposition E] 
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